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Introduction
Recent discoveries of time-reversal symmetric topological insulators in two and three dimensions opened a new field of symmetry-protected topological (SPT) phases [1, 2] . Unlike the quantum Hall effect, where symmetries play a relatively small or no role at all, SPT phases arise because of an interplay between symmetries and topological properties of quantum mechanical wave functions. The very reason that SPT phases are distinct from trivial states of matter (i.e., atomic insulators) is a set of symmetry conditions, such as time-reversal symmetry (TRS).
While non-interacting and disorder-free fermionic SPT phases, i.e., topological band insulators and fully gapped Bogoliubov-de Gennes (BdG) systems (topological superconductors), are reasonably well understood, an important next challenge is to understand SPT phases that are strongly interacting or that arise only in the presence of strong interactions.
In this article, we will give a brief overview on the recent developments in understanding interacting fermionic SPT phases. In particular we will focus on the cases where the non-interacting classification of fermionic systems [3] [4] [5] breaks down or 'collapses'. In these cases, a would-be topological state at quadratic level, characterized by a topological invariant of some sort built out of single-particle wave functions, is found to be adiabatically deformable to a topologically trivial state once interactions are included. More specifically, we will discuss topological superconductors (fermionic phases which lack U(1) charge conservation) with various symmetries, such as TRS, spin parity conservation, and reflection symmetry, in one, two, and three spatial dimensions. For the examples in one and two spatial dimensions, we demonstrate the collapse of the non-interacting classification by explicitly constructing microscopic interaction terms that allow us to deform a would-be topological state to a trivial state.
The collapse of the non-interacting classification poses a number of questions. Why some states that appear to be topological at quadratic level are immune to interaction while others are not. When and why non-interacting topological invariants are (not) powerful enough to distinguish different quantum ground states. Is there a better way to distinguish quantum ground states than non-interacting topological invariants? And, ultimately, how can we classify different SPT phases with interactions?
To address these questions, for the examples discussed in this article, we will provide an underlying 'mechanism' behind the collapse, as much as we can, although the complete classification theory of interacting topological phases is still out of our reach. In section 2, we introduce the collapse of the integer classification of Majorna fermion chains in symmetry class BDI, and discuss how this can be understood in terms of Tensor network states (in particular Matrix product states (MPSs)), and the group cohomology theory. In section 3, we introduce two examples of topological superconductors in two spatial dimensions, where their non-interacting classification reduces to  8 in the presence of interactions. We discuss these examples by using the idea of orbifolding and gauging symmetries, global gravitational anomalies, and the so-called braiding statistics approach. Finally in section 4, we touch upon the collapse of the integer classification of class DIII topological superconductors in three spatial dimensions (from  to  16 ), and introduce the notion of surface topological orders and the vortex condensation picture.
D ¼ 1 +1 dimensions
In this section, we discuss an example of the collapse of noninteracting classification in = + D 1 1 dimensions introduced and discussed by Fidkowski and Kitaev [6, 7] . We will also discuss how the collapse can be understood in the framework of MPSs. 
The symmetry operations T and G f constitute the full symmetry group of the problem. With this TRS, the relevant symmetry class is now BDI. For symmetry class BDI in one spatial dimension, an integral topological index (the winding number), ν, distinguishes topologically distinct ground states. In this model,
In topologically non-trivial phases with non-zero winding number ν, once the system is terminated by an end, there appear ν isolated Majorana zero modes localized at the end, which are stable against any quadratic perturbation.
an explicit path connecting trivial and topological
phases. We now consider N f copies of the Majorana chain. This defines, when | | > | | u v , a topological phase with the winding number ν = N f . As demonstrated by Fidkowski and Kitaev [6, 7] when N f = 0 (mod 8) , the non-interacting topological phase with topological charge ν = N f can adiabatically be connected to topologically trivial phase when interactions are added. To see this, we construct an explicit path in the space of Hamiltonians connecting trivial and topological phases. Specifically, let us consider, when N f = 8, ( , 0, 0). Along this deformation, we stay in the topological phase. At the point u ( , 0, 0), the system is a collection of dimers. We then switch on w, → u w ( , 0, 0) (0, 0, ). The interaction term W is designed in such a way that the system remain gapped throughout this path. Finally, we switch on v, → w v (0, 0, ) (0, , 0). The noninteracting classification then reduces from  to  8 . Similar interactions effects on other 1D fermionic topological phases were discussed in [9] [10] [11] .
MPSs and projective symmetry analysis
We will now provide an alternative view for the breakdown of the non-interacting classification demonstrated above. An essential insight can be gained from the MPS representation of ground states of 1D systems [12] [13] [14] [15] . In the MPS representation, a quantum state Ψ | 〉 defined on an 1D lattice is represented as properly (this can be done variationally, say), a MPS can be a good approximation to the true ground. In fact, by taking χ large but finite, it is known that a ground state of any gapped Hamiltonian can efficiently and faithfully be represented by a MPS [16] [17] [18] .
When discussing topological states with symmetries using MPSs, it is natural to discuss how symmetries act on each matrix constituting the corresponding MPSs. It is crucial to distinguish two kinds of indices in MPSs; 'physical' and 'auxiliary' indices. Physical indices are those which represent physical degrees of freedom ( … s s , , 1 2 above); symmetry actions and transformations are defined in terms of these physical indices. However, how symmetries act on auxiliary indicies (or auxiliary Hilbert spaces) is not entirely fixed by a microscopic physical law, but rather different MPSs (constructed for different phases with the same given symmetries) may realize symmetries in a different way. More specifically, symmetries may be realized projectively (or anomalously) within the auxiliary Hilbert spaces of MPSs. Let = … G g h { , , } be the symmetry group of the system. For simplicity, we consider only unitary and on-site symmetry operations here. For each group element, there is an unitary operator U(g) acting on local physical degrees of freedom,
. Requiring a MPS Ψ | 〉 and its symmetry-transformed counter part by U(g) are the same up to an overall phase, the symmetry transformation U(g) induces a corresponding transformation on the auxiliary space as, 
Thus, symmetries can anomalously be realized in the auxiliary Hilbert space of MPSs for non-trivial SPT phases, the phase α g h ( , ) distinguishes different projective representations and hence different SPT phases.
An intuitive physical picture on the degrees of freedom in the auxiliary space is boundary degrees of freedom that shows up when the 1D system is cut physically. A well-known example is spin 1/2 dangling spin in the Haldane phase, where = G SO(3) and spin 1/2 representation is a projective representation of SO (3) . In the following, we apply this idea to the interacting Kitaev chain problem.
projective symmetry analysis of the Kitaev chain.
When the Kitaev chain is terminated by a boundary, there appear Majorana fermions dangling at the boundary, and hence the auxiliary Hilbert space is essentially the space spanned by the Majorana fermions. The relevant symmetry group of the problem consists of (i) the fermion number parity operator G f and (ii) time-reversal T. When ν = N f , the auxiliary Hilbert space is spanned by N f Majorana fermion operators, 
and is given explicitly by
From equation (2.5), we read off the action on time-reversal on the boundary Majorana fermions as
With these information, we will determine the algebraic structure of these operators in the auxiliary Hilbert space. We first note TG f and G T f may differ by a sign depending on N f as
Next, we will determine the sign of T 2 . Let us find an explicit expression of T in the occupation number basis. We define complex fermions by 
is a complex number. Let K be the complex conjugation operator on this space of wavefunctions: that is, K acts by complex conjugating the coefficients α α
, and hence η r 2 is real while η − r 2 1 is pure imaginary: Now, time-reversal can be explicitly constructed as 
We thus distinguish different phases with m (ν = m 2 ) mod 4 in terms of symmetry properties of the auxiliary Hilbert space. When N f is odd, a similar analysis applies although one needs to take into account the two sectors with different fermion parity. We then see the collapse of noninteraction classification to  8 .
Comments
The idea of using MPSs to diagnose and distinguish SPT phases can be used for ground states of generic gapped Hamiltonians in = + D 1 1 dimensions, and in fact, provides a complete classification of SPT phases in = + D 1 1. [12] [13] [14] [15] It can be shown that the set of phase functions α g h ( , ) satisfy the cocycle condition. Furthermore, two phase functions α which differ by coboundary can be shown to give rise to the same quantum state. The set of phase functions quotiented with the equivalence relation (coboundary) defines equivalence classes, and they are elements of H G ( , U (1)) 2 , the second cohomology group of the group G over U (1) . In this way, quantum phases in d = 1 spatial dimension with symmetry G can be fully classified by the cohomology group H G ( , U(1)) 2 [13-15, 19, 20] . In higher dimensions > d 1, a large class of ground state wave functions of SPT phases can be systematically constructed using the tensor network method [21, 22] . For fermionic systems, group supercohomology theory has been proposed [23] . See also discussion in [24] [25] [26] [27] [28] on the group cohomology approach, and an approach based on cobordisms which may capture SPT phases that are missed by the group cohomology classification.
D ¼ 2 +1 dimensions
In this section, we introduce two examples in two spatial dimensions for which the non-interacting classification breaks down. Similarly to the 1D example, we will see a collapse of the non-interacting classification with a certain periodicity in terms of the number of fermion species. We will also show that the collapse can be understood from the absence of a global gravitational anomaly and braiding statistics of quasiparticles once the global symmetry is promoted to a gauge symmetry.
The first topological phases of our interest in (2+1) dimensions have ×   2 2 symmetry with two conserved  2 quantum numbers. A convenient way to describe these quantum numbers is to first consider systems with two conserved U(1) charges, and then later break the
The two charges can be thought of as the total fermion number and the total S z (the z component of spin-1/2 operator) quantum number, denoted by When the total S z is conserved, the BdG Hamiltonians can be block-diagonalized in the basis where S z is diagonal (each block in the BdG Hamiltonians is a member of symmetry class A). We now relax the conservation of total S z , and demand only the parity − ↑
( 1)
N ] to be conserved; combined with the total fermion number parity conservation, the systems of our interest conserve two  2 quantum numbers, − ↑
( 1) N and − ↓ ( 1) N . Even without strict conservation of S z , at the quadratic level, the BdG Hamiltonians still remain block-diagonal since the ×   2 2 symmetry does not allow any spin flip, i.e., any bilinear connecting spin up and spin down sectors. These sub blocks in the BdG Hamiltonians belong to symmetry class A and their topological character is specified by the Chern number, ↑ Ch and ↓ Ch , respectively; the topological classes of the system is characterized by a ×   topological number. 
where x is the spatial coordinate parameterizing the edge; ψ L (ψ R ) is the left-(right-) moving (1+1)D Majorana fermion, and v is the Fermi velocity. Since the bulk of the system respects ×   2 2 symmetry, this is inherited by the edge theory; we define two fermion parities in the edge theory,
] is the total left-moving (rightmoving) fermion number at the edge. With the ×   , one can construct an interaction term that can destabilize the edge; it can gap out the edge without breaking any symmetry (both explicitly and spontaneously). While we do not discuss the precise form of the interaction here (it is given essentially by (the continuum limit of) the interaction W in equation (2.9)), it is worth mentioning the following: For the case of N f = 1, our Majorana fermion theory is nothing but the Ising conformal field theory (CFT), which has the twist operators σ L R , , i.e., the operators that twist the boundary condition of the Majorana fermion field when inserted in the path integral, and also their Kramers-Wannier dual, the disorder operators μ L R , . When N f = 8, from spin and disorder operators, we can form = 2 256
These have conformal weight × = (1 16, 1 16) 8 (1 2, 1 2) , which is the conformal weight of free fermions, and hence can be fermionized. These fermions, which are different from the original fermions ψ L R a , , can be used to form a perturbation to the edge theory, which are local with respect to ψ L R a , . (This is rooted in the triality symmetry of SO(8).)
Example: crystalline topological superconductor
As yet another example in (2+1) dimensions, we now consider crystalline topological superconductors in 'DIII+R -' symmetry class discussed in [29] . According to the noninteracting classification, [30, 31] this symmetry class in (2 +1) dimensions has crystalline topological superconductors characterized by an integer topological invariant. At quadratic level, phases in this symmetry class with non-zero topological invariant support stable gapless non-chiral edge states, which can be modeled by the Hamiltonian (3.1).
The edge states can be described and constructed as follows: let us again start with topological superconductors in symmetry class DIII, which are protected by time-reversal T (which squares to −1, i.e., T G = f 2 ) and are characterized by a  2 topological index. We then stack N f copies of class DIII topological superconductors, each of which supports a nonchiral Majorana edge mode when terminated by a boundary. The edge state is modeled by the Hamiltonian (3.1). Timereversal acts on the Majorana fields in the Hamiltonian (3.1) as
where G f is the total fermion number parity. The edge modes are unstable (can be fully gapped by adding perturbations) when N f is even. When N f is odd, the edge modes can be gapped except a pair of left-and right-moving Majorana modes.
Let us now impose, in addition to T, spatial reflection symmetry, ℛ. When introducing a boundary (edge) to the system, we choose the direction of the edge to be consistent with the reflection symmetry, i.e., the edge is symmetric under the reflection. Then, ℛ acts on the edge Majorana fields as
With both time-reversal and reflection symmetries, one can check that there is no mass term that can be added to gap out the edge state (3.1) for any N f . On the other hand, with inclusion of interactions, one can demonstrate, by using the same interaction term as in the case of ×   2 2 symmetric topological superconductors, the edge state of phases with N f = 0 mod 8 can be fully gapped, suggesting that these phases can adiabatically be connected to a topologically trivial ground state. In fact, crystalline topological superconductors in this symmetry classes are closely related to the ×   2 2 symmetric topological superconductors by CPT theorem [32] .
Global gravitational anomaly and orbifold
As in the (1+1)-dimensional example, we now look for a mechanism that underlies the collapse of the free-fermion classification to gain more insight into the microscopic stability analysis of the edge theory given above.
3.3.1. Global gravitational anomaly. The first approach that we explore to the collapse of free-fermion classification is based on global gravitational anomalies. In the lack of conserved U(1) quantities (such as the particle number), a natural probe to the systems to address the stability/instability is (non-) invariance under diffeomorphism transformations (i.e., coordinate transformations). (See, for example, [33, 34] and references therein). Similarly to the electromagnetic U(1) gauge field in non-simply connected geometry, there are infinitesimal as well as large coordinate transformations when the spacetime manifold has non-trivial topology. That is, coordinate transformations that can be reached by successive infinitesimal transformations from the identity, and those that are not continuously connected to the identity, respectively. Global gravitational anomalies are anomalous phases picked up by the partition function of quantum field theories under large diffeomorphisms of spacetime [35] .
The non-invariance of the system under infinitesimal coordinate transformations ('perturbative gravitational anomaly') means the violation of energy-momentum conservation. When this happens at the boundary of some bulk system, the fact that energy-momentum cannot be made conserved within the boundary theory necessitates the presence of the bulk theory; energy-momentum at the boundary should be 'leaking' into the bulk, and in fact this bulk is what we call a topological phase. For example, the chiral edge theory of a (fractional) quantum Hall fluid is anomalous under infinitesimal coordinate transformations [36] . This signals the topological property of the bulk with non-zero thermal Hall conductance κ xy [37] [38] [39] .
Even when there is no perturbative gravitational anomaly, e.g., when the edge theory in question is non-chiral as in our example of the topological phases with
symmetry, the system may not be invariant under large diffeomorphism transformations. Similarly to perturbative gravitational anomaly, we argue that the non-invariance of the edge theory under large coordinate transformations can also be used as a diagnose of the stability/instability of the topological phase.
In our setting, we assume our edge theory is defined on a torus = × T S S 2 1 1 with the periodically identified spatial coordinate (parameterizing the edge), and the periodically identified (imaginary) time. There are a set of large coordinate transformations on a two-dimensional torus, modular transformations, which form a group, Γ. The geometry of a flat torus is specified by two real parameters ('moduli'), or a single complex parameter τ ω ω = 2 1 , the ratio of the two periods of the torus ( τ > Im 0). Two different modular parameters τ and τ′ can describe the same toroidal geometry if they are related by an integer linear transformation with unit determinant,
Modular transformations belong to the infinite discrete group =    PSL(2, ) SL(2, ) 2 . These transformation are generated by two generators, τ τ → + T :
1 and τ τ → − S :
1 . For a CFT on a torus, we can ask if its partition function is invariant under modular transformations. Any CFT that is derived from the continuum limit of a two-dimensional lattice statistical mechanical system (or equivalently a 1D lattice quantum system) is expected to be anomaly free (modular invariant) [40] . On the contrary, if a CFT in question is not modular invariant, it may not be realized, on its own, as a continuum limit of a local lattice system, and must be accompanied by some (topological) bulk theory.
Orbifolding (gauging).
When discussing potential anomalies in SPT phases, there is one more important ingredient; enforcement of symmetries. The argument given above so far has not referred to the role played by symmetries. SPT phases are, by definition, topologically trivial states once symmetry conditions are not taken into account. That is, SPT phase are anomaly free in the absence of the symmetries. In order to diagnose if a given system is topological or not in the presence of symmetries, we thus need to make the theory of our interest aware of symmetries. This can be done by enforcing the symmetries by projecting the total Hilbert space into a given subsector specified by a quantum number (for the case of unitary symmetries). These considerations naturally lead us to the idea of the orbifold of the edge theory.
Orbifolding in a quantum filed theory that is invariant under a symmetry group G is a procedure where we introduce twisted boundary conditions in space and time directions by group elements in G, and then consider the partition function where we sum over all possible twisted boundary conditions. This procedure removes states that are not singlet under the symmetry group, and hence the original system is projected onto the G-invariant sector. (This procedure can be regarded as gauging the symmetry group G-see below.)
With orbifolding, we then ask if, for a given edge theory, each sector can be made modular invariant (i.e., free from global gravitational anomaly). Inability to achieve this would mean a quantum number of some kind should be 'pumped' from one edge to the other along an adiabatic process to generate a modular transformation; when both edges are included, the total systems without projection would be modular invariant. This would mean the symmetry (conservation of a quantum number) should be violated in the adiabatic process, and thus leads to pumping.
In our setting, the orbifolded partition function is given by
where α L R and β L R specify the boundary conditions imposed on left-moving/right-moving fermions in time and space directions, respectively, and β β
L R L R is the partition function with the boundary conditions specified by α L R , and β L R , ; α = 0 1 L represents periodic/antiperiodic boundary temporal conditions for the left-moving fermions. It can be established that precisely when the number of Majorana fermion species is N f = 0 mod 8, the partition function can be made modular invariant, which is fully consistent with the microscopic analysis.
The proposed method using orbifolds and modular (non)-invariance has been successfully applied to other models of (2 +1)-dimensional SPT phases [41] and stable gapless edge modes without symmetries [42] . In examples considered in [41] , an orbifold theory can be made modular invariant as far as the symmetry group acts on holomorphic and antiholomorphic sectors of the edge theory in a symmetric fashion. Once the symmetry group acts on the holomorphic and anti-holomorphic sectors in an asymmetric way (e.g., as an extreme example, G can act solely on the holomorphic sector but not on the anti-holomorphic sector) the modular invariance is no longer guaranteed. Such orbifold is called an asymmetric orbifold. Thus, many examples of non-trivial SPT phases are directly related to asymmetric orbifolds.
Braiding statistics approach
The idea of orbifolding edge theories of SPT phases can be viewed and used in an alternative way, as proposed in [43] . In [43] , it was proposed that if the global symmetry of an SPT phase with symmetry group G is promoted to a gauge symmetry, the resulting phase is a topologically ordered phase with a particular pattern of fractional statistics. Different SPT phases protected by G (including the trivial phase) may be distinguished by different topological order of the corresponding gauge theories. It was also claimed that, for the cases where the gauged theories are Abelian topological phases (i.e., phases that do not allow non-Abelian statistics but only Abelian (fractional) statistics), the stability of the edge theories can be diagnosed from the braiding statistics of the gauge theories. We will call this approach 'braiding statistics approach'. The application of the braiding statistics approach to the ×   2 2 symmetric topological superconductor is presented in [44] , where the collapse →   8 is derived.
Gauging and orbifolding have a similar (identical) effect in that both procedures project the original theory to its gauge singlet (G-invariant) sector (although the gauging means in general imposing singlet condition locally (e.g., at each site of a lattice), while projection is enforced only globally). To make a further contact with orbifolding and gauging, let us consider edge theories with symmetry group G. Any global symmetry in quantum field theories can be 'twisted' (i.e., can be used to twist boundary conditions). This leads to a 'sector' in the theory with twisted boundary condition:
where Φ x ( ) is a field operator (e.g., in our example, Φ consists of ψ L a and ψ R a ), ℓ is the circumference of the edge,
is the field operator Φ transformed by g, and | 〉 g denotes the ground state of the gtwisted sector. All states in the g-twisted sector can be constructed above the ground state | 〉 g . By state-operator correspondence, there is a corresponding operator, σ w w ( ,¯) g , which implements this twisting:
where σ g is called a twist operator. Now, by invoking bulkboundary correspondence, there is a corresponding bulk excitation ('anyon'). Bulk statistical properties of the gauged theory can be read off from the operator product expansions and fusion rules obeyed by the twist operator(s). Now a given symmetry group G can be implemented in various different ways in different SPT (and trivial) phases protected by G leading to different choice of U g , and to different twist operators. By studying statistical (braiding) properties of the twist operator(s), one can distinguish different ungauged (original) theories. For Abelian edge theories (multicomponent chiral/nonchiral bosons compactified on a lattice), using braiding statistics and modular invariance/non-invariance of gauged (orbifoled) edge theories are shown to give the same stability criteria of edge theories. For example, a self-dual condition together with an even-lattice condition guarantees that modular invariance is achieved. The same condition can be derived from the argument based on fractional statistics as shown in [42] .
Comments
We close this section with a few comments. 3.5.2. Orientifolds. In our discussion above we considered orbifolding (gauging) by unitary and non-spatial symmetries. It is possible to consider twisting (gauging) by a unitary spatial symmetry such as a reflection symmetry. Such twisting by reflection symmetry leads to theories that are effectively defined on a non-orientied manifold, e.g., the Klein bottle. This twisting procedure thus suggests an interesting link between SPT phases and so-called orientifold field theories-type of theories discussed in unoriented superstring theory. Using orientifold, stability of topological insulators and fractional topological insulators in (2+1) dimensions can be studied [46] . Stability analysis of gapless helical edge states has been discussed for a wide range of systems and with various arguments. See, for example, [47] [48] [49] [50] [51] [52] [53] [54] [55] .
3.5.3. Application to higher-dimensional SPTs. The idea of gauging symmetries in SPT phases has been also applied to higher-dimensional ((3+1)-dimensional) SPT phases [56, 57] . The braiding statistics approach has been also extended to (3 +1)-dimensional SPT phases, where a necessary ingredient is statistics obeyed among loop excitations [58] [59] [60] [61] . is a topological superconductor (superfluid) with ν = 1, and hosts, when terminated by a surface, a surface Majorana cone, which can be modeled, at low energies, by the Hamiltonian
where ψ is a two component real fermionic field satisfying ψ ψ = † . The surface Hamiltonian is invariant under timereversal defined by
For topological superconductors with ν = N f , the surface modes can be modeled by N f copies of the above surface Hamiltonian.
While at the quadratic level, one can verify that for arbitrary values of the topological index ν = N f the N f copies of surface Majorana cones are stable against perturbations, the surface Majorana cones may be destabilized once interactions are included. as in (1+1) and (2+1) dimensions. Unlike (1+1) and (2+1) dimensions, however, a microscopic interaction term which does this job has not been constructed. Nevertheless, a number of arguments show the surface Majorana cones are unstable against interactions when ν = 0 mod 16, reducing the non-interacting integer classification to  16 . Among these arguments, what we call 'vortex condensation approach' and 'symmetry-preserving surface topological order', will be reviewed below. (See also [28] .) They were also used to study bosonic SPT phases, [62] [63] [64] [65] and interacting electronic topological insulators to show that apart from topological band insulators, there are six topological insulating phases that arise only in the presence of interactions [66] [67] [68] [69] .
Vortex condensation approach and symmetry-preserving surface topological order
The vortex condensation approach was originally developed in the context of bosonic topological insulators [62] . A crucial observation in this approach is that a trivial gapped surface (e.g., a trivial insulator), if exists, can be viewed as a phase which is 'dual' to superfluid, as known in the duality between the superfulid and the Mott insulator phases in the (2+1)-dimensional Bose-Hubbard model. This approach hence applies (most directly) to the cases where a U(1) symmetry is a part of symmetry conditions protecting SPT phases. This U (1) symmetry can be of any kind-such as electromagnetic charge conservation, spin rotation symmetry around S z axis, etc.
It is convenient to start our discussion from a surface 'superfluid' phase where the U(1) symmetry is spontaneously broken. Trivial symmetry preserving surface states of a SPT phase are then viewed as a phase arising from destroying the superfluid by proliferating defects (vortices). Whether or not vortices can condense or not without breaking symmetries of SPT phases depends on the properties of vortices. If vortices transform abnormally under symmetries or if they have an exotic statistics, a trivial symmetric gapped surface may not be possible, but rather symmetries must be broken to achieve a gapped surface.
Alternatively, while single vortices may be anomalous in the above sense, multi-vortices (vortices whose vorticity is greater than one) may behave in an ordinary way. If this is the case, there is an option to condense these multi-vortices without breaking symmetries. This, however, inevitably leads to topological order on the surface. Just as chiral fermions on the surface of topological band insulators are anomalous in the sense that they are not allowed on their own by fermiondoubling theorem, surface topological order on the surface of SPT phases are anomalous and cannot be realized as an isolated (2+1)-dimensional system while preserving symmetries. Also, just as the existence of chiral fermions can be thought of a defining property of topological band insulators ('bulkboundary correspondence'), anomalous surface topological order can be thought of as a non-perturbative definition of SPT phases. For example, symmetry respecting surface topological orders have been constructed for (3+1)D bosonic topological insulators [63] [64] [65] .
Adopted to the case of DIII topological superconductors, in [70] , four candidate symmetry respecting fermonic surface topological orders for DIII topological superconductors have been constructed explicitly. This leads to the collapse of noninteracting classification →   16 . In [71, 72] , a vortex condensation picture is developed for the surface of class DIII topological superconductors with topological index ν. Let us here focus on the case of even ν. Then, there are even number of surface Majorana cones, and we can think of an artificial U (1) symmetry by combing Majorana cones pair wise. One can then think of a surface phase where this artificial U(1) symmetry is spontaneously broken. This surface phase is fully gapped. By looking into symmetry properties of vortices in this gapped phase, one realizes that a core of a vortex binds ν 2 chiral Majorana modes, propagating along the vortex, resembling the edge of class BDI chain. As discussed before in section 2, when the number of Majorana modes is 8 (0 mod 8), there is an interaction term that can gap the Majorana modes without breaking symmetries. This leads to a trivial vortex which can then be condensed to realize a symmetryrespecting gapped trivial surface phase, suggesting the phases with ν = 16 (ν = 0 mod 16) can adiabatically connected to a topologically trivial phase in symmetry class DIII.
Closing remarks
Taking the collapse of the classification of non-interacting fermonic systems as a common thread, we have touched upon various approaches to interacting topological phases with symmetries. One strategy that is common to a large variety of theoretical approaches is to take a look at D-dimensional boundary theories of + D ( 1)-dimensional SPT phases, and ask if they can be realized as an isolated D-dimensional system. When the bulk phase is a non-trivial SPT phase, there is an 'obstruction' to realize the boundary theory on its own as a D-dimensional theory defined on a = − d D ( 1)-dimensional lattice. In other words, these boundary theories of nontrivial SPT phases are anomalous, and are suffer from a quantum anomaly in a broad sense.
Quantum anomalies are break-downs of classical symmetries by quantum effects and play a key role in, for example, Laughlins thought experiment, which is one of the most powerful theoretical tools to diagnose interacting topological phases of matter having conserved particle number and in the absence of TRS, and which establishes the extreme robustness of the quantum Hall effect against disorder and interactions. In SPT phases, anomalies may appear in various different, and, in some cases, in more subtle forms. This is so partially because since SPT phases are trivial when symmetries are not imposed. (In addition to the literature mentioned in the text, see also [73] [74] [75] [76] [77] and references therein.)
There are still many topics which we could not discuss, including bosonic SPTs such as the Haldane spin chain and bosonic topological insulators, symmetry enriched topological (SET) phases (including fractional topological insulators), and so on. Interested readers can consult papers and other review articles, such as [78, 79] .
